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81. Introduction and some basic notions.

The production of a continijous product is considered with a

finite number of possible production rates a: s 1=1, o00.,N With

a1=00 The production costs per time unit for production rate &

are denoted by cp(i) with c

cp(‘i )=0.

The product i1s kept in stock. Stockholding costs are c, per unit

time per unit product. If the stocklevel reaches a glven maxilmum

p(j‘.) > cp(i-—-‘l) for i=2, ...,N and

amount M then the production has to be stopped. The arrivals of
orders are described by a stationary Poisson-process with parameter

M. The order size y 1s distributed according to a . .given distribution

L ]

function F(y). Orders are ‘fulfilled immediately either by the
available stock or by purchases elsewhere at a glven higher cost

cr;per unit product. Furthermore the costs of a transition from

production rate a. to production rate aj are given by cq(i,j) wilth
i, e {1,2, oo, N}

1)

to the optimal production strategy 1n this problem. A survey of the
2) 3)
and

We will show in this paper how the method developed 1in leads

method 1s given 1n » We will only state the definitions

n
of the necessary functions and will derive functional equations for
them, specialized for the considered problem. A method of solution
for the functional equations for the function c(g;x) will be given.
Numerical methods of solving the functional equations for the
functions k(x3d), t(x;d) and the probability distributions of entering
a set of states within the set of interventionstates from states
outside this set for an arbitrary strategy & are considered as a
separate subject and will not be given here. Finally the procedure
in the strategy-improvement routine will be outlined.

The production manager 1s allowed to control the system by
changing over to another production rate. His i1nterventions will

depend on the state of the system, which 1s specified by two state

variables: the production rate a. and the stock level s.

The state space X of this problem consists of states x=(i,s) with

-0 < 5§ < o gnd 1 < 1 < N,



The state space 1s presented in figure 1.1
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Figure 1.1.: The state space X.

If the production manager does not i1ntervene, the system 1is
subject to the natural process. The natural process 1s defined
for every state x. During the natural process the system remalns
on the same production rate a. as 1t 1s 1n the starting state x.
Additional purchases are included i1n the natural process.

If the production manager does i1ntervene then the resulting
process will be different fraom the natural process. It will be
called the decision process. In every state of the system x the
production manager has to make a cholce between the possible
decisions 1in state x. The set of possible decisions will be denoted
by D(x), a particular decision by d e D(x). D(x) includes the
declsion not to intervene, called the null decilision. By an intervention
in state x=(i,s) the system is transferred into state (j,s) with
j#1 if s > 0 and into state (j,0) if s < 0. Between interventions
the system 1s subject to the natural process. If to every state a
" decision is fixed, we have a strategy. We will denote a strategy
by #. The decision dictated by strategy & in state x will be denoted
by &(x). A strategy is called optimal if it minimizes the average
costs per unit time in the long run, denoted by r(€). r(=) does not

depend on the starting state if there i1s only one ergodic set

of states i1n the decisionprocess, as will be the case in this problemn.



A strategy & will dictate an intervention i1n the states belonging
to a closed set A%) called the set of intervention states for strategy
#%. The state space will consist of two distinct non-empty sets of
states: the set of 1ntervention states A and i1ts complement, the set

Z
of non-intervention states states where null-decisions are dictated

by strategy &.
Furthermore 1t 1s assumed that there exists a non-empty set

of states AO where every strategy dactates an intervention.

Hence for every strategy there holds:

A DA, (1.1)
If the maximum stock level M 1s reached in this problem then the
production is always stopped. Hence the states (i,M) for i=2, ...,N
are elements of AO. Also in the states (1,s) with s < 0 an intervention
will be dictated by every strategy. Hence the states (1,s) with

s < 0 are elements of AO*)' The set AO will be given by

A= {(i,8) | s > M,i > 1} M{(i,s) |s <0, i=1} (1.2)

and 1s presented 1in figure 1.2 by the shaded intervals of s.

+ M M M& - M M
stock
_ production
rate
Figure' 1.2: The cHoice of thé set AO.
>)

Note that only one strategy 1s excluded by this choice of the set

.AO, namely the strategy which satisfies customer demand by purchases

at the cost c.. per unit product.



§2, The determination of the strategy-independent functions.

We will derive now the functional equations for the functions
k(x3;d) and t(x3d). These functions denote respectively the difference
in expected costs and in expected duration between two stochastic
walks starting in x. In the first walk the decision d 1s taken 1n
state x after which the system 1s subject to the natural process
unti1l the first state inAO 1s reached., The second walk 1s only
subject to the natural proces from state x on. Denote by ki(s)
and ti(s) respectively the expected costs and duration of the
second walk starting in state x=(i,s). If the decision 4 transfers

the system from state (i,s) into state (j,s) then we have for

k(x:d) and t(x:d):

k(x:d)

cq(i,j) + kj(s) - ki(s) (2:1)

1t?(}*i;d) = tj(S) - ti(s) (2.2)

Because states (i,s) with s > M and 1 > 1 are never reached in the
decision process, 1t will be sufficient to determine the functions
ki(s) and ti(s) for s < Mand 1 < 1

For i=1 thereis no production. For states (1,s) e A, we have:

t.(s)=0 (2.3)

For s > 0 the walk terminates when the stock level drops below
zero = because then the set.AO 1s reached, If we denote the arrival

time of the next order by v and the order size by y, then we have:

3, (Sfx) .
t1(s) ='£;+[f1 o (2. 4)
O S < ¥y



Taking expectations leads to the following functional equation
for t_i(s) =E _’_p“,i(s) (E;I.. belng 1/)\)'::
S

£ (s) =1 + J ¢ (s-y) aF(y). (2.5)
0

For s < 0 we have, because (1,s) ¢ AO::

k1(s)¢0 (2.6)

For s > 0 we have

}{1(8"1) S > XY
ugq(s) = C _oSoX ' ' (2.7)

q°SeXL
cr.(z_-s) s <y

By taking the expectations on both sides of (2.7) we have the
following functional equation for k,‘ (s) = vg__l_:_' (s) with s > O:

QO

S
k (s) = c, sy t+oec J (y-s)dF(y) + J k1(s:.--y)dF(y) (2.8)
O

S

For production rates 2. with 1 < 1 < N the stock level 1s ilncreasing

linearly between the arrivals of orders. The walk terminates when

the maximum stock is reached bewvause (i,M) € A. for 1 > 1.

0
SO wee. have:
ti(M)zo (2.9)
ki(M)=O (2,10)

If the stock level drops below zero then the walk continues from

state (1,0) after an additional purchase.



equations for ti(s) and ki(s) are derived for 1 - |
by considering the possible events .during a small time At.

Let the stock level

at time O be s. Suppose that the first order

I, The ordersize will be a stochastic amount N

Consider a small time interval (0, A ﬂ] and denote the stocklevel

Then we have for s'.

S+a.AT T.2AT

1 "'"1 (2@1")
s'! = 8+aiATﬂ£ linT Y.ﬁ.8+ai£4
a (A1 —7 T o< > @
alfﬂw _11) lqiﬁf Yy s+al AT

neglecting the case of more than one arrival in (T,T+Af] which
happens with probability o(at).

Furthermore we have:

{1-1 > At} = 1- XA T+ o(A1) (2.12)

P{Eq ;_AT} = A AT + o(A 1) (2.13)
For t.(s) we have:

t;(s)=at + ¢t (s") (2,14 )

By taking expectations in both sides of (2.14) we have for t.(s) =
1
-"-“*E_‘Ei(s) with 0 < s < M and i > 1:

ti(s) = (1=xat + o(At)) {at + ti(s+a.AT)}

1
S+aiT1
+ (AT + o(A1)) {at + j t,(s-y+a a1)dF(y)
O
+ J t.(a (AT~T1)) dF (y) |
s+ai'r1

+ 6(AT) (2.15)



where O < 1., < AT,

‘| ——
Dividing by At, replacing AT by-ﬁi- and performing the limit operation

As~0, we arrive at the functionallequation:

dt.(s) S (2.16)
"“%;“““==§j' ti(s) --&j-m-%j' J ti(s~y)dF(y) ~*§:=ti(o)(1-F(s))
1 1 1 0 1

For the stockcosts within At, ignoring higher order terms we have:

C oS.AT 1 T, > AT
S —

C 65T + C @S'(AT""T

S -—-1 S — ____1) ifT < AT andlis+a.'r

—_1 - 1

C +SaT, 1f 1. < AT and y > s+a.rt

Additional purchases are done only 1n the case that T, < A 1T and

—_1 —

+ a.T. . — . _s). L
y s+ a.t. The costs are cr(x_ a. T s). The production costs

are ¢ (1)eATo
. T

These considerations and the arguments used at the derivation of the

functional equation for ti(s) lead to the functional equation:

dkl(S) 2\ qus C (i) \
@ Tar M08 - mma - O-FGe)(0)
i i i 1
o0 S
A . (y-5)aF(y) - 2 k.(s-y)dF(y).
a; T a. | i
S 0 (2.17)
for ki(s) with 0 < s <M and 1 > 1.
For s < 0 we have (1 > 1):
ti(s) = ti(O) (2.18)
ki(S) = ki(O) (2.19)



3. Determination of the strategy-dependent functions c(Z3x),

1)

According to the method presented in the function c(zyx)

for a given strategy s has to be obtained from the following

functional equation:

dgf

c(zyx) k(x:e(x)) - r(2). t(x;=(x))

(1) (

dussix) c(=3u)
’ Z

‘where_gr € A%_denotes the first future i1ntervention state assumed

by the system if it starts in state x. The probability of u 1s given
5 (1)
B

by A ( -

If x 1s a state where the nulldecision 1s dictated then k(x;&(x)) =

t(x:2(x)) = 0 and (3.1) reduces to

L 3X ) .

(dusix)c(ziu) (3.2)

l
av

c(zix) =

It will depend on the location of the set of intervention states
AE’ for an arbitrary strategy # in the state space how the functional
equation (3.1) specializes in this particular problem. We shall
first consider strategies with only one set of non-intervention

states for each production rate a: 1=1, ocssNe Thls 1S no

restriction because strategles with two or more distinct sets of
non-intervention states for some production rates can be reduced to
the preceding class by an extension of state space.

A representative of the considered class of strategies 1is
sketched 1n figure 3.1. The set Aﬁ_is given by the shaded intervals

and 1s completely specified by the states (i,b (1))and (i;pg(g))for

2
1=1, -0-,N as follows:



(2)

1. For states (i,s) with 1 < i < N and s > b an intervention is

e
dictated. Because in states (1,M) with 1 < N always an
(2

1<
(AOE) we have b_ )Li

M. The subsets of
.AémWith.states (i,8) for each i with 1 < 1 < N and with s >'b

(2)
wlll be denoted by A (4 2)@ For 1=1 we put b (2) el . for each

possible strategyw Cousequently the subsets A.(l 2) ex1st only

intervention i1s dictated

for 12 > 1.

(1)

2. For states (1,s) with s < b_ an intervention is dictated.

Let the set of i1ndices of these production rates for which

(1)'1_0 be denoted by Iﬂ@ For production rates & with 1 ¢ IE

we put b = - o, For each 1 ¢ I we will denote the set of states

&
1
with s < b (1) by .A (1’1)a Note that for every strategy N ¢ ;E

and 1 ¢ I .
Z

production
rate

1 2 1 N-1 N

Figure 3.1 The setA5 for a strategy & of the considered class

of strategies.

A strategy is further specified by the decision #(i,s) in each
(i,s) e A_. A decision means a transformation to state (j,s') with
j#1 and s'=s, 1f it 1s not a null decision. This implicates that
(1))and (1, b (2))a strategy has to be

E

specified by the dictated decision 1in each intervention state 1n.AEa

except by the states (i,b
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: g : @ L o 1
Usually for the i1n practice occuring strategies each set Az(l’ ) or

L (1,2)
Z
decision, dictated by the strategy, is the same for each state belonging

can be subdivided 1nto a finite number of subsets, where the

to such a subset. The states that separate these subsets together with
the decision attached to the states belonging to these subsets specify
completely a strategy of the considered class-

The general functional equation for c(z:ix) given by (3.1) specializes

to the following set of functional equations. For non-intervention

states (i,s) we have:

c(z3i,s)=
() _
~c(z31,u) d Gi(u,s,bZ 1=1
ugA (1,1)
Z
| . 1el
{ c(z3i,u) 4@ G.(u3s;b (1),b (2)) 2
D (i1) 1 Z Z 1%
uch ?
Z
(2) .. (1)) s (‘2))
+P1(*bZ ;83D gac(z,l;bz
c(z;i,bz(2{> iiIZ
(3.3)
where:

1) Gi(u;s;bz(1)) with 1 ¢ IZ denotes the probability that the

first future interventionstate (i,u) after starting in the

non-intervention state (i,s) 1s contained in the set
{(i,u) | u i}.’:.,f;bz(”}' € Az(l’1)3
2 ) Pi (bZ(Q);s;b (1))with 1 » 1 denotes the probability that the

first future intervention state, after starting in the non-

intervention state (i,s), 1s given by (iabz(g))

L
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For intervention states (i,u) € AZ the system 1s transferred

into state z(i,u). We have for c(zji,u):

c(zzi,u) = k(i,usz(i,u)) - r(z) t(i,usz(i,u)) + c(zyz(i,u))

(3ol4)

It is easily verified that in (3.1) the function c(z3;x) can be

determined only relative to an arbitrary constant. If we put c(z;x)=0
o 4

)

Lo
for one state x then the set of functional equations (3.3) and (3

will have a unigue solution.

To solve the set of functional equations for c(z;x) given by
(3.3) and (3.4) we shall use the special properties of the states
(i,bz(2))¢ We will denote the set of states (i,bzcg))with 1=2, ocoe gl
by Bz and the states of this set by Y, Note that for each strategy

there are always N-1 of these states,

Let o n=1,2, ... be the sequence of future intervention states

assumed by the decision process for an arbitrary strategy z and

dgf

starting in an arbitrary state (i,s). If (i,s) e A  then u. (1,8).

As proved 1n 1 ) the sequence u n=(1,2, ...) constitutes a stationary

Markov-process with discrete time parameter and a non-denumerable
state space AZQ In the Markov-process 1n AZ there 1s 1inbedded a
stationary Markov-chain with a discrete time parameter and a finite

state space Bz CAZ.

We consider now realisations of the decision process starting
in an arbitrary state (i,s) and terminating in y, the first future
state assumed 1n B . These realisations terminate with probability

2
one in a finite time. Before reaching y, the decislon process assumes

a stochastic number m of intervention states R, 1=1,2, ...n with
each u, € i\e/I A_Z(l"‘| )@ The functions ck(z3;i,s) and ct(z;i,s) are
Z

defined being the expected value of the sum of the contributions in

each state Uy of the functions k(x;d) and t(x3;d) respectively.
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We have for non-intervention states (1,s):

) defE T )) (3.5)
ck(zsi,s) Y kml,z u, .
ct(z3i,s) €8 y t(u 52(u, ) (3.6)

where the expectation is taken with respect to the Joint probability

distribution of u u, (1=1, .+.,n) and n.

For intervention states 1.11 we have:

(u,i,z u1 +Ef kml,z(ul)) .
ck(z;u1) dgt o z
0 u.1 € BZ
(3.7)
n
(u3z(u)) +2 T t(u 3z(u,))
f 1 1 1=2 L L u, ¢ B
ct(z.;u,l) 1 7
0 u,] € BZ
(3.8)

where the expectation is taken with respect to the Joint probability

distribution of u . 1=2, ...4,0 and n.

We consider next realisations of the Markov-chain 1n BZ, starting

1n state Y and terminating in y. the first future state assumed in
Bzo For c(z;yi) with Y € BZ the following set of N-1 linear ' equations
hold:

el e
c(z;yi)uck (z;yi) - r(z)., ct (z;yi)

+ ) P(yj;yi)c(z;yj)
ijBZ (3u9)
im2° @0@N

where P(yj ;yi) denotes the probability of yj being the first future

state 1n B, after starting in yi;
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. = S
The functions ck (z;yi) and ct (Z;yi) are also related to the walk

starting 1in Y and terminating in the first future state in Bzﬁyjm
They follow from the relations

ck*(z;yi)'—-"k(yi;ZCyi) )+ck(z; Z(yi)) (3.10)
ct*(zsyi)mt(yi;Z(yi))+ct(z;z(yi)) (3.11)

where ck(z;z(yi)) and ct(z;z(yi)) follow from (3.5) and (3.6) while
z(y{) denotes the decision dictated by z 1n Y e If ckﬁYz;yi),
ct*(z;yi) and the transition probabilities P(y.

J
we have N-1 linear equations in the N unknowns c(z;yi) 1=2, coo 4N

;yi) are known then

and r(z). To obtain a unique solution we put c(z;XN)=O,

After having solved this set of linear equations we consider,
in order to compute c(z3i,s) for (i,s) ¢ B_ realisations of the
decision process starting in (i,s) and terminating in the first state
y. assumed in the set B . The following relations holds for c(z;i,s)

N Z
with (i,s) ¢ Bzf

c(z3i,s)=ck(zsi,s)-r(z)ct(z;i,s)

+ Z P(y.3i,8) ¢ (z3y.) (3.12)
y.eB J J
j Tz

where ck(z3;i,s) and ct(z:;i,s) are defined by (3.5), (3.7),(3.6)
and (3.8). P(yj;i,s) denotes the probability of reaching ys € B_,
starting in (i,s) ¢ B

Numerically the function c(z3;i,s) can be determined by simulation
of the stochastic walks on which relations (3.9) and (3.10) are
based. Simulation has the advantage that i1t can be done for every
arbitrary strategy, but it is time consuming compared with other
numerical methods,

: : : 1,1
For strategilies with the property that 1n each set AZ( 1)

only
interventions are dictated that increase the production rate, the
functions ck(z;i,s) and ct(z3;i,s) can be computed by numerical

integration from the following recursion relations:



1h

ck(z3i,s)=

J 1k(i,u3z(i,u)) + ck(z;z(i,u)} ac. (uss;b (1), b (2))
(1,u)aAZ ?

(i,s) ¢.AZ; i € IZ

(i,s32(i,s)) + ck(z;z(i,s)) (i,s) e;B'meAZ
O (i,s) € B,
0 1 ¢ I3 (1,s) i.AZ
(3.13)

The same relations hold for ct(z;i,s) with ck and be replaced

respectively by ct and t.
The probabilities P(y.3;i,s) follow from:

J
P(yj;i,8)=
N P(s(ri-;?()i,u))dc}i(u;s;bz“), bz(e)) (i,8) ¢ A
(1,u)eAZ > 1 <
1 € IZ
Pl(bz(g);s,bz(1)) (i,8) ¢ A
1=3#1
1 € IZ
1 (1,s) ¢.AZ
1=J31 # I
ﬁ P(yj;z(i,s)) (1i,8) ¢ A
0 (1,8) ¢ A
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For the probabilities Pi(bz(g);s;bz( 1 b functional equations can

be derived using the same arguments as before at the derivation of the

function ki(s) andti(s)oWe restrict ourselves to stating the results:

3 (2). ., (1), _ A (2)_ .. (1)
S Pi(bz 385D, ) "';;: 1(bz ’S’bz )
S
“}mj P.(b (2);8 y3b (1)dF
Q. 1 Z Z (Y)
1 (1)
b
Z
for b (1) < 8 <D (2); 1 ¢ I 31 > 1
Z Z Z
(3.15)
Pi(bz(e);s;bz(1)) = 1 for 1 ¢ Iz;bz(1) < 8 < bi2) (3.16)
(2) . (2) . (1), def . _
Pi(bz 3" sb, ) =T 1=2, oee,N (3.17)
For the density functions g1(u;s;bz(1) and gﬂ(ugs;bz(1),bz(2))

1
corresponding to G1(ugs;bz(1)) and Gi(u;subz(1),bz(2)) defined before,

we can derive the functional equations:

=
gi(u;s;bz(”) = f(s-u) + J g . (uf;s~y;bz(1))dF(y) 1=1 (3.18)
£ (1)
y4
%—{; gi(u;S;bZ(1),bZ(2)) = 'g:'l gi(u5sabz(1)a bZ(2)) - g‘if(s“u)
S
-2 g. (u3s=y;b (1),bz(2))dF(y)
ai -E (1) 1 Z
i
1> 131 ¢ I o (3.19)
Lo (2) . (1) . (2), def S
gl(u,bZ b, b ) =" 0 i>11eI . (3.20)
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Summarizing for strategiles that dictate an increase of production

1n the sets Ag(i’1)'with 1 e I the functional ?%?atio?g)for

Pi(bz(e) ;s;bz%”), g1(u;8;bz<1) ) and g,i(u;s;bz o bZ ) have to be
solved before (3.11) and (3.12) can be used to determine the functions
ck(z;1i,s), ct(z3;1,s) and P(yj :i,s8). All strategies that occured in the
iteration cycles of the numerical examples 1n this paper did have this
property and the relations (3.11) ... (3.74) could be solved by
numerical integration methods. This has the advantage of obtaining

a. better accuracy within a shorter computing time, than simulation

of (3.9) and (3.10). For strategiles not having this property we will

have to use simulation.

§ 4 The strategy - improvement routine.

"Then the function c(z:x) is determined for a gilven strategy =z
then based on this function a better strategy can bée determined.

For that purpose we make use of the following definitions:
a) The function c(d.z3;x) , glven by:

c(d .z;x)gsmf- k(x:d) =r(z) t(x;d) + i{c(z‘;}_}) |d}

(4,1)

This function results from applying the mixed strategy d.z. The
prescription of this mixed strategy 1s to apply decision d in

state x, which transforms the system into the stochastiec state u and

.

to apply strategy z after this transformation. In this problem u 1is

deterministic.

b) The function c{A.z3;x), given by

c(A.z3x) = J PA(1)(du;x) c(z3u) (4 .,2)

A
The strategy A .z prescribes the postponement of decisions according

to strategy z until the first future state u, assumed in the set A.

c) The class K of all closed sets A satisfying

X = {x| c(A.z;x) < c(z3x)!} (4.3)
d) The set of states A ' given by:
' =
A, pex A (kL)
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th step of the iteration cycle we have obtained

(n)

Suppose that at the n
(xi)

steps should be nerformed.

strategy =z and the function c(z ' ’3;x). Then the following three

1. Determine the function c(d.z(n) :x) for each x and 4 € D(x) by (L4.1)

2. Determine the decision d* e D(x) for each X, satisfving:

(n);x) = min c(d.z(n);x) (4.5)

d e D(x)

c(d .2

(n) (n)

The mixed strategy .z 1s denoted by Z 1 .

3. Determine the set A ' satisfying (L.4)

(n+1)?

The new strategy 2z ~1s then given by

'z'*(n)(x) X € A
1 z1

z(n+1)(x) = (4.6)

nill decision x ¢ A;
1

It 1s proved in 1) that this iteration cycle leads to the optimal strategy
Z 1f there 1s only one ergodic set of states. The extension to more

than one ergodic set of states is also given in 1). The optimal strategy

Z has the following properties:

, I;lig(x) c(d.zo;x) = c(zogx) (4.7)

Al = A (L.8)
O O
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We shall now consider how in this particular problem the i1teration

(n)

cycle can be performed. Suppose we have obtalned strategy 2z and com~

(n)

space. Values of c(z:x) between grid points can be determined by

puted the function c(z :x) on a finite grid of states in the state

intervolation, if this function is continuous in X.

To begin with the first step we determine the function c(d.z(n) 2 X )
by means of its definition (L4.1) for every x = (i,s) and every 4 = (J,s)
with i, ¢ {1,...,0} and 0 < s < M. Computationally this operation can
also be performed only on a finite grid of states in the state space.

In the second step we determine for each state on the grid the

(n)

decision d minimizing c(d.z '™ ;x).

If the minimizing decisions 1n two adjacent grid points are different

(n)

then we determine the point between them where the values of c(d.z X )
for both minimizing decisions are equal. This new point seperates two
sets of states with different minimizing decisions and will be called a
seperation point. The possibility of another minimizing decision occuring
on a part of the interval between two adjacent grid points can be
investigated by taking a finer grid. The determination of these sepe-

(n),x)

1s continuous 1n x for given d. In practice this condition 1s fulfilled

ration noints can be safely performed when the function c(d.z

except for the discontinuities of c(z3;x) in the points separating
two intervals where different decisions are dictated by z.

If two adjacent grid points have the same minimizing decision
then this decision 1s chosen for all states in the interval between
these two grid points. The correctness of this procedure can agailn
be verified by taking a finer grid.

WThen this operation 1s performed we have subdivided the state
space 1nto a finite number of intervals with the same minimizing
decision for each state within such an interval. The separation points
of these intervals specify completely the intermediate strategy

Z1 (n) = d*.z(n) .
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It should be noted that Az(n)_) Az(n) because a null-decision 1n
1

X € Az(n) 1s 1mmediately followed by an intervention according to
strategy z. Hence the null-decision can never be better than the
decision z(x). For this reason the third step in the iteration cycle
has to be performed.

In this third stev strategies A.‘Z1 (n) are consldered, postponing
decisions according to 2, (n) , untll a closed set AD) A 1s reached
where A satisfies (4.3). The boundery of the smallest intersection of
the class Kz of these sets A, denoted by A qn) be11€§+:;.c§tentlcal to
Az(\n+1)\ , the intervention set of the new strategy =z , can be
determined by the observation that in i1ts boundary points it should

be 1ndifferent either to postpone the decision according to z (n)

(n) (i11)

or to apply strategy Z, immediately. Because the sets AZ are
reached from states outs:.de AZ in a different way than the sets
Az(l’g) ,this property leads to somewhat different criteria in these

Two cases. (1.1)
To find the boundary (i,b( )) of each of the sets A’ (n+‘l}
_ Z
(1) by the states (i,u) with u < b 1)

In state (1, b( 1 )) the effect of postponing the application of strategy
(n)

we define the closed sets A

1 1s measured by the amount

_ (2)
J c(z (n);i,u) d Gi (u;b(1);b(1),bz(n) )
]

(i,wWe AU) |

(2)

(2)
+ Pi (bz(n)ﬁ b(1);b(1)) c(z(n)

s1,b (n)) (4.8)

1 /

This amount should be compared for each (1, b( 1 )) > A (n)\ with

the result of applying strategy =z (n) 1mmediately, measureé by

C(Z1Cn) ;1,b(1))

l
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The state (i,b(1)) where both quantities are equal will be the

boundary point of the set A(l’” .

Z(n+1)

It may happen that there i1s more than one state where both
quantities are equal. In that case there will be more than one set of
non-intervention states for the considered production rate. An exten-
sion of the state space will be convenient in order to solve the
functional equations for c(z;x) for the new strategy by the methods

described above.

To find the boundary point of each of the SEtSA(?sz) let Aﬁg)
Z
denote the set of states (i,u)'with'u_ih'b(g). In state (i;b(g)) the

effect of postponing the decision z (i,,'b(2 ) will be that this decision

(2) , 4 (2)

takes place in state (i,b ). This effect is measured by:

(2)

Pi(b + db y D y D n)) .c(z1;i,b +db(2))
1
,, (1) (
- 2), .. (2) (n) .
+ | (1.1) gi(u,s, bz1(n) , D 74db ") c(z; .1 ,u)du
(i,usAZ(n) |
'l (4.9)
- (n) . ,. . (2), .
The effect of applying strategy z, in (i,b"77) will be
measured by <:(z1 (n); i,b(g)). The state (i,b(z) where ?Qtlél)amounts are
1
equal, will be the extreme point b(%%+1) of the set A of the
(n+1) 2 z(n+1)
new strategy z .
This condition can be written as:
n ).
(n) . (2), . ° C(;1glﬂ°“2))
.c(z1;i,t> ) + @
> 1(2)
(2
- 0 gi(u;s;bz(1) . b(g)) ()
-+ 1 n,.
J c(z1;1,u)dui‘C) (4.10)
(i,u)eA_ (n) > b
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If there is more than one state where relation (L.10) holds then

we should choose the one with the smallest value of the c-functilon.

8§ 5 Numerical example.

In order to determine optimal strategies for this problem
numerically a computer program in ALGOL 60 has been developed. The

results were obtained on the EL - X3 of the Mathematisch Centrum.

Data:
Order size )\ exponentially distributed,t_}_ = 5; 3 production rates,

a, = 0, L, 8.

Arrival rate of orders A = 1;

Maximum stock M = 20;

Stockholding costs c, = 0, 53

Production costs vper unit cn(i) = 0, 8, 16;
Additional purchases per unit c,, = 353

10
>
O

1 O Ul

, 0
Transition costs cq(i,j) given by the matrix:} 5
- 10

Strategies, occuring during the iteration, are given for each
production rate i by the intervals for s where the same decision (j,s)

1s dictated.

Strategy: ' 3 3 5 :
3 _ -
,(0) 1 - (=,0] (0,)
> - (==,19.5) [19.5 )
r(z(o)) = 6T ,UT 3| (==,18.15) [18.15,19.5) (19.5;«)
2 (o) (=, 14.96) (14.96, 19.03) (19.03,x)

1
(==, 14.96] (14.96, 19.50) (19.50,)

(=, 17.69) [17.69, 10.50) (19.50,)



(1),

r( = 37,93

22

("'" 32' 121
(“m92'05|

(....oo’ 17'69)

(=g 14 42)
(=0, 14,42

(=©,19,54)

(”m319-68)

(2.05,20)
[17.69,19.50) (19.50,)

(2412 ,)
[20,)

(14.42,18.33] (18.33,)

(14,
(19.

L2,20)
54,20)

(9.86,20)

[19.

(12,
(12,

[18.

(12

(12.
(12,

[19.

(12.
(12,

[19.

77 ,20)

[20,)
[20,)

(1171 ,)
[20,>)
[20 )

411,17.56| (17.56,=)

4L1,20)
83,20)

06,20)

03,20)

(20 ,)
[20,%)

41,16.25| (16.25,«)
(12

[19.

[20 )
(20 ,)

52,17.00] (17.00,)

52,20)
30,20)

[20,)
[20,)

52,16.95| (16.95,%)

51,20)

68,20)

[20,)
[20 ,)
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Strategy: g ]

2 1 [ (=,12.53) (12.53,16.95[ (16.95,=)
2 (=»,12.51] (12.51,20) [20,)
3 (-<,19.68) [19.68,20) [20,=)

z(S) (=,12.53) (12.53,16.95] (16495 ,%)
(==,12.51] (12.51,20) [20,)
r(z(S)) = 37,93 (==,19.68) [19.68,20) [20,)

The eomputation time was 20 minutes.
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